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Take a specific case, with 4 76 Then Az = 52° s

4, =64° , 4, =58° 4, = 61° Ay = 50931 4y = 60°15"

o

Y

This illustrates wgy your protractor measured the angle at the
seventh fold as 60 . The angle was not exactly 60~ , but the
amount by which it differed from 60~ was too small to be
detected. .
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SOLVING QUADRATICS

Garnet J. Greenbury, Brisbane

To solve mz-ax = b2 , Descartes is said to have pro-

ceeded as follows. T

Draw a circle centre 0 ,
and radius OP = a/2 . Draw
PT = b , perpendicular to 0P

Join T0 cutting the circle b
at M and [ . Then TM = x.
Proof.
By Pythagoras' theorem | P
T02 = TP2 + OP2 ,
) a 2. 2 a 2
i.e. (TM - 5) = p" + (E) s

ice. (TM)2 - a(TM) = b

This shows that =z = TM is a
solution of the equation.

© © W ® W 0 © ™
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THE RAMBAM

Hans Lausch, Monash University

Those who appear to be talented and to have
capacity for the higher method of study, i.e.
that based on proof and on true logical argu-
ment, should be gradually advanced towards
perfection, either by tuition or by self-
instruction.

More mevukhim 1,33

This quotation is a guide to our learning community today
as much as it was 850 years ago. 1135 was the year when
Henry I died after having lost his Matilda, but it was also the
year when Rambam was born. Who was the Rambam? There is an
extremely brief answer to this question: he was AbT TImran Misa
ibn Maimin ibn Abdalldh al Qurtubi al-Isrd'ili. He became
better known by his proper Hebrew name R(abbi) Mosche ben
Maimon, hence the acronym Rambam, but also as Moshe hazman (the
Moses of his time), Moses Maimuni, Moses Aegyptius, Hanesher
hagadol (The Big Eagle), and especially Maimonides. He was
born in Qurtuba in the country of al-Andalus, i.e. Cordoba in
Spain, on the eve of Pesach (Passover). He died in Fustat
(01d Cairo) on 13 December, 1204 and was buried in Tiberias in
the Holy Land, where his tomb can still be seen. His family
lived in Cordoba until 1148/9 when the North African Almohades
conquered Spain and began their rule with religious persecutions.
Moshe's family left Cordoba and is believed to have lived for a
dozen years in various places in Spain; in 1160 they settled in
the Moroccan city Fez, but had soon to move again, reaching
Fustat in 1165 after a brief stay in the Crusader Kingdom of

Outremer. Moshe's father soon died and Moshe practised
medicine to support the family. He spent the rest of his life
in Cairo and became a famous physician. He was patronized by

$a1£b al—din’§ (Saladin, King_Richard Coeur_de Lion's chivalrous
opponent) wazir, al-Qadi al-Fadil al-Baisani; later he became
physician to Saladin himself and his son. From 1177 he was
nagid, i.e. leader of the Jewish community in Egypt.

Maimonides' most popular work is "DalZlat al-hZ'irin", better
known by the name of its Hebrew translation "More nevukhim"
which means '"teacher of the confused" or '"guide of the
perplexed".

In a Function article, it is perhaps not quite appropriate
to depict Maimonides as the old philosopher with turban and
beard, nor is there any need for doing so: tradition has it
that Moshe wrote the important work ''Magala fi sind 'at al-
mantiq”, a treatise in the art of logic, in fourteen chapters,
when he was about sixteen. It is partly lost in Arabic. '
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Its first translation into Hebrew, "Milot hahigayon", is by
"Moses ibn Tibbon (1254), and amongst scholars, it became widely
known in this form. Maimonides tells us in his introduction:
"An eminent person, one of the masters of the juridical sciences
and the possessor of clarity and eloguence in the Arabic lang-
uage, has asked a manwho studied the art of logic to explain to
him the meanings of numerous terms frequently occurring in the
art of logic: to interpret to him the technical language
commonly adopted by the masters of the art, and to endeavour to
do this with extreme brevity and not to indulge in details of
meaning, lest the discourse become too long." He then pro-
ceeds to explain 175 logical terms. Maimonides' astonishing
knowledge at the age of 16 is based on work by two ‘great Moslem
scholars: Abl Nasr Muhammad ibn Muhammad ibn Tarkhin ibn
Uzlagh al-Farabi (873-951) and AbU Hamid Muhammad ibn Muhammad
al-Tisi al Shafi'i al-Ghazzali (1058-1111). Ultimately the
treatise rests on Aristotle's eight books of logic. Here are
a few "dictionary entries" drawn randomly from amongst the 175
terms ("Milot"): individual, accident, definition, categories,
compound expression of information, distinct, mathematics, the
art of logic, physics, laws, right, wrong, prior in excellence,
together in order, correlation, opposites, difference, elements,
agent, form, first ideas, syllogism, premise, conclusion, con-
tradiction, binary sentence. Here are some of Maimonides'
definitions:

) "... the subject and the predicate together is called a
proposition."”

"Every proposition either affirms something of something,
e.g., "Zayd is wise'", "Zayd stands", or negates something of
something, e.g., '"Zayd is not wise", '"Zayd does not stand". .."

"The affirmative proposition may affirm the predicate of
all of the subject, e.g., "Every man is an animal': and we
call it a universal affirmative, and we call 'every' a
universal affirmative sign."

"[The affirmative proposition] may affirm the predicate of
a part of the subject, e.g., 'Some men write'; and this we
call a particular affirmative, and we call 'some' a particular
sign." .

In chapter 6 and 7, Maimonides uses these and other explana-
tions to tell us about syllogisms, i.e. correct management of
propositions, the daily bread of the mathematician. The
essence of what he explains can be illustrated by means of
"more modern' examples which were invented by Lewis Carroll,
best known through his "Alice's Adventures in Wonderland'.

You are invited to use your logical skills for-finding correct
conclusions, as a practical introduction into the art of
syllogisms.

(1)  Every one who is sane can do Logic;
(2) DNo lunatics are fit to serve on a Jury;
(3) None of your sons can do logic.

Conclusion?
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(Answer: If your sons were fit to serve on a jury, they would
have to be sane (2). They would thus have to be able to do
Logic (1). But they cannot do Logic (3). Conclusion: Your
sons are not fit to serve on a jury.)

Now try these yourself. Please send your conclusions to the
Editor..

A. (1) Babies are illogical; (2) Nobody is
despised who can manage a crocodile;
(3) Illogical persons are despised.

Conclusion?

B. (1) Gentiles have no objection to pork;
(2) DNobody who admires pigsties ever reads
Hogg's poems; (3) No Mandarin knows Hebrew;
(4) Every one who does not object to pork,
admires pigsties; (5) No Jew is ignorant of

Hebrew.
Conclusion?
C. (1) The only animals in this house are cats;

(2) Every animal is suitable for a pet, that
loves to gaze at the moon; (3) When I detest
an antimal, I avoid it; (4) No animals are
carnivorous, unless they prowl at night;

(8) No cat fails to kill mice; (6) No animals
ever take to me, except what are in this house;
(7) Kangaroos are not suitable for pets;

(8) None but carnivora kill mice;

(8) I detest animals that do not take to me;
(10) Animals, that prowl at night, always love
to gaze at the moon.

Conclusion?

Another work of Maimonides which is of great interest to the
mathematician and astronomer, deals with the calendar. But
that is another story.

W 0 © ® 0 © 0 o

"After a low of 14, tomorrow's top temperature should
reach 23 degrees."

ABC weather forecast (3AR)

@ o 0 ® ® © o



24

PROBLEM SECTION

SOLUTION TO PROBLEM 9,1.1,

A boy took a calculator with him when he went to the
store. He bought four items and calculated cofrectly that
their total cost was $7.11. The only trouble was that he

used the multiply key to reach his answer. What did the
items cost?

Let a,b,e,d Dbe the costs. Then we have
a+b+c+d=abed = 7.11.

If we work in cents, let A4 = 100a , B = 100b , ¢ = 100c¢ ,

D = 1004 . Then 4,B,C,D are integers, and

A4 +B+C+D=711, aBcD = 711 x 10° = 79 x 2% « 3%x 5%,
One of A4,B,C,D must be a multiple of 79 . If we try, for
example, D = 79 we get 4 + 5 + ¢ = 632 and
ABC = 26 x 32 X‘56 = 9 000 000 . For all positive A4,B,C, the

"arithmetic" mean %(A+B+§) has to be greater than (orequal)1

the geometric mean (ABC')3 , and indeed %(632) > (9 000 000)3.

So far so good. If, instead, we had tried D = 79 x2 , %r
D =79 x22 , or D =79 x3 , then again %(A+B+C) > (4BC)Y3 in
each case, as has to be true. But if we tried any other

available multiple of 79 , e.g. D = 79x5 or D = 79x2x3
etc., we find an impossible situation arises for A,B,C

Whichever of the cases D =79 , or 79x2 , or 79 x22
or 79 x3 we consider, at lgast one factor, say (¢ , has to be
a multiple of 25 (because 5 has to be shared between three
factors). But if we tried, for instance, D = 79, ¢ = 25,

then 4 +B3 = 607 and 48 = 2° x32 x5% = 360 000 gnd this
combination violates the inequality %(A +B) 2 (4B)2 which
must always hold. Arguing in this way, we find there is only
one combination of values which is possible ,

A4 =120 , B =150 , ¢ = 125 , D = 316

except for rearrangements amongst themselves. The original
amounts were $1.20 , $1.50 , $1.25 , $3.16
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~ SOLUTION TO PROBLEM 9.1,3,

The decimal representations of #/13 , n=1,2, ..., 12
each have a period of 6 and belong to one of two families
(each of which has 6 members). If </13 belongs to one

family, then (13-7)/13 also belongs to that family. Why is
this so?

If you write out the decimal representations of the twelve
numbers, you find six of them involve repetitions of 076923 and
another six involve 153846.

When 10, 20, 30, ... are divided by 13, there is always a
remainder, as follows:

10 divided by 13 goes O times with 10 remainder
20 divided by 13 goes 1 times with 7 remainder
30 divided by 13 goes 2 times with 4  remainder
40 divided by 13 goes 3 times with 1 remainder
-50 divided by 13 goes 3 times with 11 remainder
60 divided by 13 goes 4 times with 8 remainder
70 divided by 13 goes 5 times with 5 remainder
80 divided by 18 goes 6 times with 2 remainder
90 divided by 13 goes 6 times with 12 remainder
100 divided by 13 goes 7 times with 9 remainder
110 divided by 13 goes 8 times with 6 remainder
120 divided by 13 goes 9 times with 3 remainder.

Each number from 1 to 12 appears as a remainder exactly
once.

In converting =n/13 into a decimal, one adds zeros and
divides, going through the above table in a pattern that goes
from the line with remainder =n to the line that starts with
107 . This procedure puts one into one of two endless loops,
producing the two families of decimal representations.

1/13 and 12/13 are in the same family for the following
reason:

1001 x 1/13 = 77 = 1000 x 0.076923 + 1/13

]

76.923076 + 1/13

And of course, .923076 = 12/13. Thus 12/13 and 1/13 not only
miust be in the one family, but must be three digits apart in
their representations. A similar argument can be given for
any other pair =x/13 and 1 - n/13.



SOLUTION TO PROBLEM 9.3.1,
(Solution submitted by John Barton, North Carlton, and also by
the proposer, Garnet J. Greenbury, Brisbane.)} .

() Show that any positive integral power of the
product of the first four odd numbers leaves
a remainder 1 when divided by 8 or 13.

Since 1.3.5.7 = 105 = 8.13 + 1

13¢ + 1 , say,

we have )
(13¢ + )" = (136)" + (9 (13" 1+ . (n’f1> (13e) + 1

= Me) + 1 ‘

where M(e) denotes a multiple of e

, that is, of eight.

This establishes the first result, and the second one (dividing
by 13) is done in exactly the same way, by writing 105 = 8¢ + 1.

(i7) Find the set of.numbers, such that any one of
them when divided into (5 x7 x11)" , where n
is any positive integer leaves a remainder of 1.

5x7x11 = 385 = 1 +384 = 1 + 3.27 .

Bearing in mind the argument of (<) , it is clear that the
required set is the set of factors of 384, viz.

2 4 8 16 32 64 128
3 6 12 24 48 96 192 384
(i11) Is there a similar result for (7 x11 x13)7" 2
7x11x13 = 1001 = 1 + 10° = 1 + 2°.53
The required set is the set of factors of 1000, viz.
2 4 8 5 25 125 10 50 250
20 100 500 40 200 1000
We note, concerniné these sets, that they are complete, because,
although there may be larger sets with the required property for

values of n > 1 , the requirement that »n be any positive

integer and so possibly =1 restricts the sets to the factors as
given.
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Solution to PROBLEM 9.3.3. If 0 4is the centre of a ecirecle
and M lies on its eireumference and if A,B 1lie outside
the cirele, show that AM + MB will be mazimised if oM
bisects &£AMB . Show the same property if this distance is
to be minimised.

This problem was submitted and solved by Hai Tan Tran,
Plympton Park, S.A., and two other, very different, solutions
were offered by John Barton. Here is Hai Tan Tran's solution.

Let AM + MB = 2a , the sum of the distances from M to
the two fixed points 4 and B . Take A and B as foci,
and draw the ellipse consisting of all points (including M )
where distances from 4 and B sum to 2a.

For different positions M
on the circle, we get different
values of 2a and different

ellipses. The ellipse which
maximises 2a just touches the
circle tangentially. But

according to the properties of
ellipses, MA and MB make
equal angles with the tangent
to the ellipse at ¥ , which
is also.tangent to the circle.
But for the circle, o is
perpendicular to this tangent,
so that OM bisects £AMB

A similar line of reasoning can be given for the case of
a minimum. '

Here are some new problems to try:

PROBLEM 9.5.1 (submitted by John Mack, Sydney) )
I have N weights weighing 1 kg, 2 kg, ..., N kg respectively.
I wish to remove one weight of m kg so that:

Sum of (weights < m kg) = sum of (weights > m kg ).
For what values of N , m is this possible?

PROBLEM 9.5.2 A rectangular sheet of paper measuring a ecm

by b em 1is folded so that one corner just reaches an opposite
edge. Show how the paper must be folded in order that the
length of the crease shall be a maximum.

PROBLEM 9.5.3 Two cylinders of equal radius, r, iﬂbersect at
right angles. Find the volume common to the cylinders, assum-
ing their axes of symmetry intersect.
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PERDIX

Question 6 of this year's international olympiad compet-
ition (Function, Vol.9, pt.4) has aroused much interest. The
solution offered below is largely taken from written communic-
ations (for which many thanks) from John Barton, formerly of
the mathematics department of the University of Melbourne, from
Geoffrey Watterson, an editor of Function, and John Miller,
both of the mathematics department at Monash University.

The problem is (No.6, IMO, July 5, 1985):

For every real number xl , construct the sequence’

Ty, Zo, , by setting
. o ) 1
T, 4= %, (xn + n) . .. (1)
for each = > 1. Prove that there exists exactly one
value of % for which 0 < x, <z, 41 ¢ 1 for every =
Solution. Some preliminary results on inequalities.
LEMMA 1. Let P(x) be a non-zero polynomial with positive
coefficients. Then 0 < a < b implies P(a) < P(h)
Proof. This follows because 0 < g < b implies that at < bt
for any positive integer ¢ , whence ka? < kb%® 4if %k > 0
’ . Q.E.D.

COROLLARY . Let P(x) be as in lemma 1, and let @Q(z) be
obtained from P(x) by possibly inecreasing any or all of the
(non-zero) coefficients. Let 0 < a < b . Then

a P(a) < a @(b)

Proof.' P(a) < P(b) , by lemma 1. P(b); Q(b) , by con-

struction. Hence P(a) < Q(b) , whence aP(a)< a @(b).
' Q.E.D.
Let us call sequences Tys Lo, oy determined from x4 by
the formula (1) of the problem, (-sequences. For this problem
wecan assume that 0 < xy < 1 ; we assume this for all

C-sequences in what follows. Notice that it then follows from
(1) that every term of each (-sequence is positive.

LEMMA 2. T, < T4 in a C-sequence ifland any if z, > 1-% 3
and T, =% 49 1f and only if x, =1-=.
Proof. By (1) we have
=2 .1 - _(1-1
S B R =20 ’

whence, since z, > 0 , the result follows.
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Lemma 2 shows that there are two types of (-sequence

Type I : such that there is a k (k may equal 1) such that

> > ...

x, < x, < ... < x, >

1 2 kK=%%k+1 7 Tk +2 T Tk + ot
Type II: such that the sequence steadily increases, i.e.

L, < T, < L., <3, < L. < g < ... <
1 2 k n

We say also that = is of type I or of type II according
as the <(-series it star%s is of type I or of type II, respect-
ively.

“k

LEMMA 3. Let =z, be of type I . Then z, < 3757 Ffor some

fixed integer %k and for all z, in the C-sequence started by
X

1
Proof. Take %k as in the (-sequence of type I exhibjited
above. Then T, 2 Ty +1 » SO by lemma 2 , g 1 -z
1 1 k
- = T = e = i
But 1 z <1 TII T3 - Thus xy the largest term of
. k
the C(-sequence, is < T+ Q.E.D.
LEMMA 4. ~ Let a, be of type I and bl be of type IT
Then a; < b]
Proof. Formula (1) ensures a2 bl implies . ay 2 b2 s
which in turn implies ag 2 b3 ; and so on, a x bn , for
all n. By lemma 3 there then exists k such that Ta, < ?géi,
for all n , whence bn < ?%%T for all n . In particular,
1 .
then bk +1 ¢ 1 TSI and so bk +9 S bk F1 7 by lemma 2.
Hence bl is of type I , contrary to assumption. Q.E.D

Denote the set of all type I numbers by A , and the set
of all type II numbers by B . It is easily checked that
% is of type I and that 2 is of type II . So, by lemma 4 ,
it follows that the numbers « such that O < x < 1 have been -
divided into two non-overlapping sets 4 and B such that all
the numbers in A4 are less than all the numbers in B
There must therefore be a number e , say, separating 4 and B
with the property that O < x < ¢ for all .x in 4 and
¢ gz <1 for all =z in B . [ec = 0.645928 , found by trial
and error with a computer. ]

In which set does ¢ 1lie?
We now show that ¢ is the least element of B , and .
thence that ¢ is the unique xq sought as the solution to the

problem.

We need a couple of formulae.
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Let xy start the (-series Zys Fg, ..., and y, start
the C(C-series Y10 Ygr -v- - Let Ty <Yy - For each »n set
\ e, =Y, . Then b{ (1)
Cat1 T Ynr1 “¥n w1 T Wy mE )y, tr, )

1
[(yn -1 7% —1)(yn'—1 +xn -1t% —1)] .
x (yn +xn +%)

S .
(g =20y *oy T (yp +up +3)

L}

1
x (yn +mn +E)

. _ 1
i.e. . Ch41l T 61 (yl +xl +ZL)...(yTZ +xn-+;) . (2)
This is the first formula needed. We now put this formula
into a different form.

From the definition of €1 5 Yy = +e1 ;SO

yqteg +1 = 2 +2x1 +1 . Hence

Yg = Ty teg =z ey (yy by +1)

= xz + eq (sl +2x1 +1) ,

and so

1
Yo +x2 +2'— sl(el +2x1 +1) + 2m2 +

DO D

.2
= €] +(2x1 +1)e1 + 2x2 +

Continuing in this way we see that Y, +xn +% is a polynomial
in €y s with coefficients that are polynomials in

Tys®gs wee 5 &y with all non-zero coefficients positive.
Hence the same is true for the product

1 . . .
(yl +x1 +1) "'(yn +xn + ﬁ) . Substituting in (2), we have
LEMMA 5. € 41 T 51 Pn(el) .. .. .. e (3D

where Pn(sl) 18 a polynomial in ¢ with coefficients that

1
are polynomials in Tgs Los vons T, all of whose non-zero
coefficients are positive.
LEMMA 6. Let z and ¥y be in B with T, <Yy - Then

the C(-sequence begun by ¥y has a term greater than 1
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Proof. We use formula 2. Since

x and y are of
1 1 1 1
type 11, x> 1 % and Yy > 1 -~ z for all k . Hence
Yy +xk +%—>2 —%», for all %
) 1.3 i
Thus, for &k 22, Yy +xk +—-;§-. Hence, in (2) ,

3\" -1
€a+1 2 (W -2y *2y +1)(§)

Consequently, since Yq > %q for some = , Yy 41 1
Q.E.D.
COROLLARY. No element of B, except possibly ¢ , generates a
C-series for which 0. < x_ < x <1, for all n
) n n+1 et
Proof. Let zq # ¢ be in B . Then ¢ < 5 L <z o, and,
¢ +x

since ¢ separates A and B , 5 is also in B . By the
lemma therefore, thereexists a member 41 of the C-sequence
started by =, such that =« > 1

1 ntl Q.E.D.
LEMMA 7. The number ¢ does not lie in A
Proof. Suppose ¢ lies in 4 , and so is the largest number .
of A4 . Set xl = ¢ and y1 =x1 +el , wWhere 81 is a pos-
itive number. Then for the C~series xl, xz, ..., and
Yis Ygo -0 setting €x =Yg T Tp o for all % ,

S+l = 1 Fpley)
by formula (3). If £q is less than 1 , then Pn(al) <Pn(1)’
by lemma 1, since by lemma 5, Pn satisfies the conditions for

lemma 1 to hold. Now here, ¢ = Ty, Ty, ... Are constants,
and Yy Yg -o- depend on the choice of €y - Hence Pn(l) is
a constant, depending on »n , P _(l) = K, say, and when
0 <g, <1, ¢ < g, K r n

1 k+1 17k

Now choose k as follows : Ty is of type I and so, by
lemma 3, we can choose an interger %k such that x <% El s

for all =

Next choose € small enough to make
k
<

z k+1 SEFL

+ e (for exampie

k+1 S ¥+l T T+
e =L
1 £,
but this is a contradiction, since ¥y > %z = ¢ and ¢ is the

(%%%T -z +l) will do). Thus o is of type I ;

largest number of type I. -
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Consequently ¢ cannot belong to 4
Thus ¢ 1is the least element of B

FINAL RESULT. The C-series e

satisfies 0 < e, <ec

Cos -nes started by ¢ = ey
n+1 €1 forall n ; and ¢ 4s the

only number with this property.

Proof. Consider the (-series of type II started by ¥y = ¢
and that started by Ty =Y - oEq of type I since ) <y =e,

and so zq is in 4 . 0f course we choose e, SO that O <x1.
By lemma 3 there exists an integer %k such that z, < kil
for all n . Thus, setting
Fntl T Yn+1 T Fpae1 o
..-E < k
Yn +1 n+l &k +1
i.e. k
Yn+1 “TF1 T En +1 7’
whence
Y, +1 < 1+ €, 41 for all =
But Ch+l = 5 Pn(el) , by lemma 5. Let Qn(el) be
obtained by replacing x4 by ¥y o Ty by Yo s +ve and z,
by ¥, - Since Pn(el) has the form described in lemma 5, by
the corollary to lemma 1, choosing g < 1, we have
€n+1 = 1 Ppleg) < e @ (1)
Here ¢_(1) is a constant Ln , say, depending on the con-
stants ¥y, = c , Ygr oo Y, - Thus
7 En+1 © 51 Ln .
so e ., can be made as small as we please, by choosing £y
sufficiently small. This is true for each n . Hence, for
each n , :
Yy +1 <1+€n+1
says that Yy +1 is less than any number greater than 1 . So
y . cannot be bigger than 1 . Hence
n+4i
y < 1 .. - .. .. .. (4)
for all = i +1__
But clearly no ¥, = 1 ; for if v, =1 , then yn>l —% ,
and so by lemma 2, Yy +1 Y, =1 . This contradicts inequality

(4). Hence y, <1 for all =
This completes the proof.








